ON A THEORY OF LINEAR DIFFERENTIAL EQUATIONS IN
GENERAL ANALYSIS*

BY
T. H. HILDEBRANDT

The fundamental principles of generalization have been well formulated by
E. H. Moore in the statement:

“ The existence of analogies between central features of various theories implies
the existence of a general theory which underlies the particular theories and unifies
them with respect to those central features.”

In applying this principle to the analogies between the theory of linear
integral equations and the theory of systems of linear algebraic equations and
biquadratic forms, Moore was led to the construction of a body of General
Analysis, consisting of a theory of properties of classes of functions on a general
range, developed in his Introduction to general analysis;t a theory of functional
operations, sketched in the papers, On a form of general analysis with appli-
cations to lincar differential and integral equations,i and On the fundamental
Sunctional operation of a general theory of linear integral equations;§ a general
theory of linear integral equations, outlined in the paper on Foundations of
the theory of linear integral equations|| and the paper on Functional operations;
and an existence theorem for general differential equations.q

It stands to reason that these general theories, in addition to the wide
range of results obtainable as a result of specialization, may also serve as a
basis for the consideration of generalizations in analogous fields. The present
paper is an application of some of the concepts of the General Analysis and
some of the results of the general theory of integral equations to the theory
of general linear differential equations. The possibility of such an application

* The first part of a paper presented to the Society, December 31, 1915.

t Yale Colloqguium Lectures (1910), pp. 1-149. Referred to as “General Analysis.” An
excellent introduction to the General Analysis is contained in O. Bolza’s Einfuehrung in E. H.
Moore's General Analysis. Jahresbericht der Deutschen Mathematiker
Vereinigung, vol. 23 (1914), pp. 248-303.

t Atti dv IV Congresso (Rome) (1908), vol. 11, pp. 98-114.

§ Proceedings of the Fifth International Congress (Cambridge), vol. I, pp. 230-255. Referred
to as “Functional Operations.”

[|Bulletin of the American Mathematical Society, vol. 18 (1912),
pp. 334-362. Referred to as “ Integral Equations.”

4 See Rome Memoir (}) and lectures at the University of Chicago.
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was suggested by the results obtained by Moore in the derivation of existence
theorems for general differential equations. The path to be pursued was
pointed out by L. Schlesinger in his paper: Zur Theorie der linearen Integro-
Drfferentialgleichungen,* who observes the analogy between systems of linear
differential equations, and integro-differential equations of the form:

d b
d—zn(p,q;z) = a(p, q;2) +f a(p,r;z)n(r, q; 2)dr,

where p and ¢ are continuous real variables, and z ranges over a complex
field, while » and « are continuous in p and ¢, and analytic in z. We shall
consider a general theory based on an equation analogous to this equation,
p and ¢ being replaced by general variables, the condition of continuity of
the functions « and 9, by that of belonging to certain given classes, and inte-
gration by a general operator J. Instead of allowing z, however, to vary
over a region in the complex plane, and the functions 7 and « to be analytic
in z, we restrict ourselves to the simpler case where z is the real variable x on
a finite linear interval and the functions 5 and « are continuous in x.

In a later paper we shall make a study of the solutions of the general linear
differential equations considered in this paper, which satisfy certain linear
boundary conditions.

I. THE FOUNDATIONS

For the sake of convenience and clearness, we collect in these preliminary
paragraphs, those of the fundamental concepts and propositions developed
by Moore in his General Analysis, which we shall find useful in the sequel.

1. The fundamental classes.f The element of generality is secured in
our theory by the introduction of a general, absolutely unconditioned class
P of elements p. The class B enters the theory mainly through the medium
of functions u (p) or p, which define for every element p a real or complex
number. An assemblage or class (Menge) of such functions will be denoted
by It. If Ais the class of all real, or more generally, all complex numbers a,
we shall use the terminology: I is a class of functions on P to .

In addition to the general class P and the class of functions I, we shall
need the particular class X, a class of elements x ranging over the linear
interval @ = # = b; and the class € of all continuous functions on ¥ to 9.

2. Properties of classes of functions. (a) Linear Extension and Line-
arity. If we construct all possible linear combinations >_7_, a; u; of functions
of the class I, we obtain, in general, a new class which is called the linear
extension of the class I and is denoted by the symbol IM,. In case the linear
extension of a class is the class itself, then the class is said to be linear (L) : I~

*Jahresbericht der Deutschen Mathematiker Vereinigung,
vol. 24 (1915), pp. 84-125.

1 Cf. E. H. Moore, General Analysis, pp. 24, 25.

1 Cf. E. H. Moore, loc. cit., pp. 36, 37.
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(b) Relatively Uniform Convergence. Closure of a Class.* The sequence of
functions pu, is said to converge to the function u on P relatively uniformly as
to the scale o (L pn = u (P; o)) in case for every e there exists an n, such
that if » = n. we have

lun — u| = elo]

identically for every p of the class P. If for a class I we take the limits of
all sequences which converge relatively uniformly as to functions of a scale
class &, we obtain a new class, called the extension of I relatively to S and
denoted by Me. In case the extension of I relative to itself is the original
class, then M is said to be closed (C), i. e., MC is the same as Wy = M.

(¢) Dominance. Dominance Properties D and Do.t A function u; is said
to dominate u; on P, in case we have for every p of P

lue (P) | = |ma(p)]-

The importance of dominance in the theory is due to the presence of the scale
function in the inequality defining relative uniformity of convergence. The
desirability of a nowhere negative real-valued scale function, and also of a
single scale function to replace a sequence of such functions leads to the
following two dominance properties or conditions on the class M : M is said
to have the dominance property Dy (IN>) in case there is for every function p
of the class MM a nowhere negative real-valued dominating function o of
the class M; further M is said to have the dominance property D (IM?) in case
for every sequence of functions u, of the class It there exists a sequence of
real numbers a, and a function u of the class I such that for every n, a, u
dominates u,, i. e.,
|/1'n ! = lan .ul .

(d) *-Extension.] By a combination of linear extension and extension
relative to a class, we obtain a new extension which plays a central réle in
the theory, viz., My = (M )n. If MM has the property D, then this new
class has the properties: L, C, and D.

3. Composition of classes.§ Suppose we have two general classes B’ and
P’ of elements p’ and p’’ respectively. Then the composite class P’ P’ is
the class of all pairs of elements (p’, p”’) or p’ p”. Similarly if N’ and M’
are classes of functions u’ and "’ on P’ and P’ respectively, to A, then the
class M MM’ on P’ P’ is defined to consist of the products of all functions u’
of M’ by functions u”” of M’". The *-extension of P’ IM"’,

(M )x = (M) 1)

* Cf. E. H. Moore, loc. cit., pp. 29-37.
t Cf. E. H. Moore, loc. cit., pp. 39-42.
1 Cf. E. H. Moore, loc. cit., pp. 78-79.
§ Cf. E. H. Moore, loc. cit., §§ 53, 54, 55, pp. 93-96
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is called the *-composite of I’ and IM'’, and is of special importance in the
theory. We shall denote this class by & and the elements of the class by
k(p' p") or k. The class obtained by reversing the order of the elements p’
and p”, i. e., (MM’ D)4 will be denoted by ® (R-transposed) and its func-
tions by « (p’ p"’) or k.

The process of composition can be extended to more than two classes. In
particular we shall use the composite class B’ B’’ ¥ and the class § on P’ P’ %
to A, which is defined to be the *-composite of M’ I’ €, i. e.,

Sf) = (Wt’ﬂn”@)* = ((%,%I,@)L)Wmng.

The elements of this class will be denoted by «a(p’p”z), or «, and
n(p'p" ), orn.

We have the following propositions on properties and interrelations between
the classes ¢, M, €, K, and H:

(@) If " and P*“"™, then RZ°®%. Any function x of ® belongs
to P for p” fixed and to M’ for p’ fixed.

(d) It M and M*“°™ | then H*P™. Any function 1 of § belongs to
R for z fixed, and to € for p’ and p"’ fixed. The class & is a subclass of the
class ©. As a matter of fact, every function 7 of the class  is uniformly
continuous on ¥, relatively uniformly as to the class &,*i. e., there exists
a k such that, for every e, there exists a d, such that if

|y — 2| = d.,
then
In (1) — n(22) | = e|x].

4. Operators.f We assume that there is present in our theory an operator
Jpp or J, which transforms functions of the class & into real or complex
numbers, i. e., J is on & to A. We shall suppose that J has the following
properties:

(a) Linearity (J*), viz., J (a1 k1 + 22 k2) = a1 Jk1 + az Jks.

(b) Modular Property (J™), viz., there exists a nowhere negativg func-
tional operation M on nowhere negative real-valued functions of & such
that if

|k|= Kk (=0), then |Jk| = M.

These conditions are sufficient to secure the additional properties contained
in the following propositions:

(1) Jpp' (' p” &) or Ja1 n is a function of the class €.
2) Jggm (P ¢ x)ne (¢ P’ ) or Ja3 m1 2 is a function of the class 9.
"~ *Cf.E.H. Moore, loc. cit., p. 101.

t Ci. E. H. Moore, Integral Equations, Bulletin of the American Mathe-
matical Society, vol. 28, pp. 351, 361; Functional Operations, loc. cit., p. 238.
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@) o g 1 (p ¢ ) ke (¢ D) = Jgg' Jpp' k1 (P ¢ ) k2 (¢’ ") or
Ja1 Jo3 k1 ke = Ja3 Ju1 K1 k2, 1. €., two Successive J-operations are commutative.
(4) J is ultra-continuous, i. e., if

Lonn =0 (P P’ %;,9), then  L.Jan, = Jan (P’ P" %; 9).

As a consequence J is also continuous, i. e., if
Lok, = k(P P’; &), then L, Jx, = J«k.

In addition to the general operator J on & to %, we shall make use of a
special functional operator, the indefinite integral

j:d:c or I,

operating on functions of the class €, and yielding functions of a subclass ¢’
of this class. On account of the nature of the class §, the result of applying
I to a function this class of yields again a function of §, or rather of a sub-
class of 9, which we shall denote by ’. We shall define the class 9’ to
be the class of all functions of the form Iy + x. Evidently this class is linear.

The operator I has the properties L and M, the modular function being
Jrdx. As a consequence, [ is also ultracontinuous. Since relative uni-
formity as to functions of the class € is equivalent to ordinary uniformity,
we have:

(5) If Luna = n (P’ P’ %; &) then Ly Ins = In(P' P " %; ).
Further, as in the case of two successive J-operations, we show that I and J
are commutative on functions of the class 9, i. e.,

(6) For every 5 we have IJy = JIy.
The extension of the operator I to permit of operation on functions of the
form 9, (p’ p” )72 (¢’ ¢’ z),is apparent. In particular we have an extension
of the formula for integration by parts, viz.,

@) IlIn(p p" =) - Ina (¢ ¢"2)] = [m(x) — 1 (x0) [ In2 — Imms.
A direct consequence of this proposition and of proposition (6) is that, if 7;
and 7, belong to ©’, then

(8) Jazmmeor Jyg m (P’ ¢ x)na (¢’ p”’ ) is again a function of $’.

Finally we shall use the operator d/dx or D, or D, assuming that it is the
inverse of integration I. D, or D, then, operates on functions of the class &’
and yields functions of the class §, and in particular:

D(In+«)=n.
Hence if 7 is of class §’, we have
9) IDn = n(x) — 7 (x0).
From the propositions on the operator I, we can derive corresponding proposi-
tions for the operator D. In particular, from (6) follows the commutativity
of D and J when operating on functions of the class ’, i. e.,
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(10) For every function 7 of class ’ we have DJn = JDnq.

Further from proposition (7), if 7, and 7. belong to ©’, then

(11) DJasmime = Jaz (1 Dna + 2 D1) .

5. Summary. To summarize, then, the contents of the preceding para-
graphs, we shall assume as the basis or foundation of our theory the following:

P’ and P’’, general classes of elements p’ and p'”.

% a class of elements x on the linear interval a = x = b.

I a class of functions u’ (p’) or u’ on P’ to A, with the properties LCDD,.

I’ a class of functions u”’ (p”’) or p’’ on P’ to A, with the properties
LCDD,.

@ the class of all continuous functions on X to ¥ .

& the class (I M)« of functions «x (p’ p”’) or k. It has the properties
LCDD,.

9 the class (MM M’ € ) of functions n (p’ p”’ x) or 7. It has the proper-
ties LCDD, and contains the class & .

9’ the class of all functions of the form I + «.

J an operator on & to A, with the properties L and M .

I=/;on9to® . IandJ are commutative processes.

D =d/de,on " to 9. D and J are commutative processes.

II. THE DIFFERENTIAL FQUATION 'AND ITS PROPERTIES
6. The differential equations. In the theory of a system of linear differ-
ential equations of the nth order
D.yi(z) = 2 aij () y; () (i=1,2,---,n).
J=1

in which the a;; (z) are a system of n? functions of the class € on ¥, and
the y; (x) are to be determined (they will be of class € ), we find the following
theorems:

THEOREM 1. There extsts a unique system of sets of solutions y;(x) of
class € on X, which satisfy the initial conditions

¥ (20) = 8y,
where 8;; s the Kronecker 8, i. e., zero for © & j and unity for v = j.

TuroreM II. The determinant formed of this system of solutions y’ (x) is
not zero on X. It has the value

oo Sicr e (@) _ T30 i

Tueorem IIL. The general solution of the system can be written in the form

5 (@) = Lo (),
Jj=
where the c; are constant.
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With a view to generalizing this situation we note* that it is not a set of n
solutions which is fundamental, but rather a system or matrix of n? solutions
yij () = y¥’(x). In reality Theorem I might read: There exists a unique
system y;; () of solutions of the n* equations:

D.yij(x) = ’;aik(x)llkj(x),

which satisfy the initial conditions: y;; (x) = 8;;. Then we recall that in
the theory of functions of two continuous variables, the expression which
plays the réle of a determinant is the series introduced by Fredholm and
generally called a Fredholm determinant, viz,

! 1 't K(xlxl)x(xlxz)

P =1+ [ weayte+g [ f !K(xle)x(xgm) dey da + -+
The finite analog of this determinant, however, is not the determinant of
the elements k;; but the determinant of the elements 8;; + k;;. This sug-
gests that in our differential equation we replace y; (x) by 8; + 7: ().
This gives

d i (a‘ ) d -
% = a;; () +kz_:laik(x)ykj(¢) .
Relative to this new equation the three theorems stated above become

THEOREM 1. There exists a unique system of solutions yoi; (x) of class €
on X which satisfy the initial conditions yi; (a0) = 0.

Tarorem II. The analog of the Fredholm determinant, 1. e., the determinant
of 8:;; + yij () of these solutions is not zero on X. It has the value

81 =1 asilx) .

TaEOREM III. The general solution of this system of equations can be written
wn the form

yij (x) = i + yoi; (%) +,§;c,-,, Yor; ()
where the c;; are a system of n? constants.
Following Schlesinger we obtain by a limiting process analogous theorems

in the case in which 7 and j are replaced by the continuous variables p and ¢
ranging over the interval 0 = p = 1, and )_i=} by /i, the equation being

1
De.n(p,¢;2) = a(p, ¢ ) +fo a(p,r;2)n(r,q; x)dr.

* Cf. Schlesinger, loc. cit., vol. 24, p.85. Note that Schlesinger considers monogenic func-
tions of a complex variable z, while we are considering functions of the real variable z.

t Loc. cit., pp. 85,90-97. The idea of passing to a limit in order to obtain results relative
to integro-differential equations was previously pointed out by Volterra. Cf. Rendiconti
dei Lincei, ser. 5, vol. 18 (1909), p. 173.
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These two equations and theories being analogous point the way towards
considering

Dy(p'p"z) =a(p' p”"2) + Jog a(p' ¢" ) (g p" )
or
(4) Dy =a+ Jon,
where p’, p’’ are on the range B’ P/,  is on X, o and 7 belong to 9, and
J is a linear operator, as the fundamental equation of our theory, and it is
relative to this equation that we obtain theorems including Theorems I’, IT’,
and III’ as special cases. It is desirable to consider also the associated homo-
geneous equation
(B) Dy = Jay.

7. The existence theorem. An existence theorem for general differential
equations has been developed by Moore.* It would be an easy matter to
derive from this general result a theorem which would apply in the case of
equations (4) and (B). We prefer, however, to proceed directly. We have
the following

TaEOREM 1. There exists a unique solution o of class O’ of the equation

Dy = a4 Jay,

which satisfies the initial condition n(xy) = 0, where o ts any element of the
class X.

The proof depends upon the fact that the differential equation

Dy =oa+Joy

with the initial condition # (x¢) = 0 is equivalent to the integral equation
n = Ila + IJan, I being [, dx. In fact, if there is a solution of the differ-
ential equation with the initial condition, we obtain the integral equation by
integrating from x, to x, i. e., this solution satisfies the integral equation.
On the other hand, if there is a solution of the integral equation of class  we
must have first of all n(29) = 0. Further, on account of the form of the
equation, it will be of class ©’. Hence differentiation is permitted and we
regain the differential equation. It is therefore sufficient to show that this
integral equation has a unique solution.

Suppose then that 7 = Ia + IJan has a solution 79 of class §’. Then
by successive substitution we see that 7o must also satisfy the equation

mo = Ta + 2 (IJa)" Ia + (IJa)™ .
n=1
This suggests that 7o might be of the form:

no = Ia+ 2 (IJa)" Ia.
n=1

* Cf. Atti di 1V Congresso (Rome), vol. II, pp. 113-114; also lectures at the University of
Chicago.
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Let us then determine the nature of the convergence of the series on the
right-hand side. We recall that the class © is dominated by the class & and
this in turn by the class ¥’ IM’’, and as a matter of fact, on account of the
property Dy, by nowhere negative real-valued functions of this class. Hence
for every a there exists u; = 0, uy = 0 such that |a|=puyu;. It follows
then that
[Ta|=Ila|= pou; |z — zol,

and so

la(p' ¢") I (g P")|= 1o (P ) o (9" ) bo (@) kg (P") |2 — o].
That is, since J has the properties M and L,

|Jalo|
o (P )po (P7) |2 —20| =

= Mugpq
or,
|Jala|= ug (0’ )y (2") Mpq po |2 — 0.
Integration yields
|IJala|= (1/(21)) |z — xo|? po o Mpq o -
Repeating this same process we easily show by induction that

Ix 3’0' ro

|(IJa)® Ia|= Tk LT ok (Mpqg pg )™,

and hence the series Io 4+ 2, (IJa)" Ia is term by term less than the series

- n
”Z_%‘a(”n _:’oll)l po sy (Mpq pg )™,

which series is convergent on P’ P’ % uniformly as to the function wguy .
Hence the series for 7o is convergent uniformly relative to the class ¥ I’
and, on account of the closure of the class $, represents a function of this
class.

The function defined by this series satisfies the original integral equation.
For from the relative uniform convergence of the series and the continuity of
I and J, it follows that term by term integration is permissible, i. e., we have
IJany = 2:=F (IJa)" Ia, and hence

IJOZ'TIO + la = No.

This shows incidentally that 7, is of class .

Finally, the uniqueness of the solution follows from the fact that for every
n of class © we have L., (IJa)*n = 0, and as a matter of fact relatively
uniformly as to the class I’ P’. For from the dominance properties of the

class it follows that there exist nowhere negative real-valued functions
Trans. Am. Math. Soc. 6
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u, and ) such that |9|=pu;u;. By applying the same line of-reasoning
as in the case of the convergence of the series for o we show that

|z — @o|" ,

| (I )™ n| = 5o (M )™ My sy

From which we have

L (IJa)»n = 0(%' B % I M").

8. Excursus on Fredholm determinants.* In the theory of the general
linear integral equation of the form
My = py + 2Jkpy,
in which y; and u; belong to ', k to & and J is the same general linear operator
which we use above, Moore has defined the Fredholm determinant and the
first Fredholm minor as follows:

2 gn p; ...p'
n
Foc() = 1+ 20y ol Ty Tl e o 8 ),
n=

171

Py v Pa
where ) .
k(pyp )k(pipz) -+ k(P Dy )
K(Pfg "'P¢,>E k(2 Py ) k(P py) -+ x(PyPY)
2 A
«(papy )k (prpy) -+ (D, D)
and
C2) = 2", v (P PP
le(P'P":z)—K(P'P")+’§ln! Py Py "7 pn"n"(p"p’{---pZ)’

and he has shown that the series for Fy converges absolutely and uniformly
for all finite values of z, and that the series for F; converges on B’ P’ abso-
lutely and uniformly as to ¥’ IN’’, and uniformly for z finite. F, thus defines
a function of the class & for every finite value of 2. Further we have

Fl = FoK —ZJ23KF1 = FoK —ZJ23F1K,

and as a consequence, if Fy + 0 the equation u; = uz + 2Jxu; has the unique
solution

By = My — &

Since for every x of the class X the function n belongs to the class &, we
can set up these same determinants for  and obtain

3 1 "o "o p, ...p:'
Foﬂ (x) = 1 +”Z=:laJplpl e Jpnp-nn(pl:, ..op,l,; x)

* Cf. E. H. Moore, Integral equations, loc. cit., pp. 353, 354.
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and

L ’ / Y 4

Fot@) =1+ 3 S0 o dn (5,5 T B ).

It can be shown that the series for F, converges uniformly on X and hence
represents a continuous function on ¥; further that the series for Fy, con-
verges on P’ P’ X relatively uniformly as to the class § and hence is again a
function of this class. In case n belongs to the class $’ we can go a step
further and assert the

THEOREM. If 7 13 of class O’ then Fo(x) 13 of class €, and we have

D.Fo(x) = FoJDn — Ja1 J23(Dn) Fr.

By following the line of reasoning used by Fredholm* in the derivation of
an analogous equation, we obtain the above expression for D, F (), and
conclude therefrom that Fo(z) is of class €.

A well-known consequence of this result is the

THEOREM. If k1 and ks belong to the class & then the Fredholm determinant
of k1 + ke + Jk1 ke 18 equal to the product of the determinants for ki and ks, 2. €.,

Fo(ks + k2 + Jr1k2) = Fo(x1) Fo(x2).
Since 7; and 7, of class O for fixed x belong to & it follows that
Fo(m + m2 + Inime) = Fo(m)Fo(n:).

9. The Fredholm determinant of 7. Since the function 7o, the solution
of equation (4) for which 5 (29) = 0, whose existence was shown in §7, is
of class ©’, we can construct the Fredholm determinant of this function and
apply the results of the preceding paragraph. We obtain

DFO'IO = FonoJDﬂo —Ja J23(D’10)Fmo-
But
Dyo = a+ Jane.

Substituting and making use of the commutativity of successive J-operations,
we get
DF,, = F,Joa — JJa(n Foy — Fypy — Jno Fyy) .

But 7o, F,,, and F,,, are connected by the relation:

nOFono - Flrlo - JﬂoFlno =0.
Hence
DFOno = FOnoJa’

Now F,,, is not identically zero in x, since, for 2 = x, it has the value unity.

* Sur une classe d’équations fonctionelles. Acta Mathematica, vol. 27 (1903),
pp. 379, 380.
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Hence for the values of z for which F,, is not zero, we have

DF 0m0
Fo
We have thus proved
TaEOREM II. The Fredholm determinant of the solution no of equation (A)
18 not zero. It has the value e”*.
10. The General solution of equations (A) and (B). By following the line
of reasoning indicated by Schlesinger,* we show that any solution n of class
O’ of equation (4) can be expressed in the form

; — AJ
Jo, 1. e., Fo,, = ¢

n=m+ 1+ Jnm,

and thence that Dy, = 0; that is, 9, is independent of x and hence a function
of the class . We therefore have:
TueoreM IIla. The general solution of equation (A) of the class ’ can be

written n the form
7 ="k + 1+ Jnox,

where k 18 a function of the class & , and no(x9) = 0.

From the second theorem of § 8 it follows that the Fredholm determinant
of 7 is the product of the Fredholm determinants of x and 5o and hence is
zero only when the determinant of « is zero. Moreover the form of the general
solution together with the fact that the Fredholm determinant of 79 is not
zero yields the more general

Ex1STENCE THEOREM. There exists a unique solution of equation (A) of
class ©’ which satisfies the initial condition 5 (xo) = ko, where xo s any ele-
ment of X and ko any function of & .

We can proceed in a somewhat similar way for the homogeneous equation
(B). By observing that the difference of two solutions of the equation (4)
is a solution of equation (B) we easily obtaint

TaeoreM IIIb. The general solution of Dn = Jan can be written in the
form

1=« + Ik,
where k 18 a function of the class & .

Observe that this theorem does not give the general solution of equation
(B) in terms of a particular solution of the same equation, but in terms of a
particular solution of the non-homogeneous equation (4). As in the previous
case we can state the

ExisTENCE THEOREM. There exists a unique solution of equation (B) of
class O’ which satisfies the initial condition n (x9) = Ko, where xo is any element
of X and ko s any function of & .

* Loc. cit., pp. 99, 100.
1 Cf. Schlesinger, loc. cit., p. 97.
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11. The adjoint equations. In the theory of systems of n linear differ-
ential equations, there is associated with the system

Dy:(x) = ;::la,-,-(x)yj(:c)
the system

Dz (z) = — gzj(x)aii(x)

obtained by changing the sign of the functions a;;(z) and summing with
respect to the first of the two subscripts instead of the second. Similarly,
in the case where ¢ and j are replaced by continuous variables, Schlesinger*
points out that it is desirable to call

b
Dn(p,gz) = —a(p, ¢ <) —f n(p,r;x)a(r, g x)dr
a
the adjoint of the equation

b
Dy(p,q;2) = a(p, ¢ ) +f a(p,r;z)n(r, g x)dr.

On the basis of these observations we define the equation

4" Dy =—a—Jy
to be the adjoint of equation (4), and
(B" Dy = — Jna

to be the adjoint of equation (B).

If 7 and # are any functions of ’, we denote by M, (n) the function of
represented by the expression Dy — @ — Jan, and by N;(7) the function
represented by Dj + a + Jia. We then have the following formula which
is analogous to the Green’s Formula,

(G)) D(n+4a+Jim) = Mi(n) + N1(5) +JiM1(n) + JN1 (7)1
or
(04 7+ Ji0)m =1 (Mi(n) + N1 (7) + JiM1(n) + IN1(5)n).

For by definition we have

J(aM1(n) + Ni(7)n) =J (#Dg+ (Dd) 9+ an — fa — 4Jan + (Jha) n )
= J (Din) + Jay — Jha

=J(Din) — Mi(n) —a+Dn— N1(%) + a+ Dij
or

Dy + D5+ JDgn = Mi(n) + N1(5) + JaM,(9) + IN:(§)n.
* Loc. cit., p. 117.
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By using the commutativity of the operators D and J when operating on
functions of the class £’ we get the first form given above. The second
form is the result of integration between x, and .

Similarly if we denote by M, () the expression Dy — Jan, and by N, (§)
the function D4 + J7a, we have

(G2) DJﬁﬂ=J(ﬁM2(ﬂ)+N2(ﬁ)ﬂ)
or
(Jin)s = IJ (aMa(n) + Na(d)n).

Formula G, is immediately applicable to the question of the solution of
the equation (4’). As a matter of fact, suppose #o is a solution of (4’) for

which %o (29) = 0. If we substitute for n the solution 7 of (4) and for 4
this solution #p of (4’) we have

1o + o + JHome = 0.

On the other hand if #, is related to 7o by means of this last equation we have
from formula (G;)

My (n0) + N1(d0) + Jfo M1(nm0) + JN1 (o) 7m0
= Ni(%0) + JN1(%0)n0 = 0.

But since the Fredholm determinant of 7, is not zero, this has but one solution

Nl ( ﬁO) = 0 ’
that is, we have
TaeoreM IV. The conditions N1(5o) = O with 5o (x0) = O are equivalent

to
no + Ao + JHomo = 0.

However, this is in the form of a reciprocal relation in the theory of linear
integral equations and therefore at once follows

CoroLLARY 1. The solution of equation (A’) which satisfies the initial con-
dition ﬁo(xo) = 01s

where Fy,, and Fi,, are respectively the Fredholm determinant and first minor of no.
Further since the Fredholm determinant of 51 + 72 4+ Ju1 72 is the product
of the Fredholm determinants of 5, and 5., we have
CoroLLARY II. The Fredholm determinant of the solution %o, for which
fio (o) = 0, 13 not zero. It has the value e==.
In.a manner similar to that used for equations (4) and (B), we prove
TueoreM III'. The general solution of equation (A’) ts expressible in the

form
7= flo + k + Jkijo
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and of equation (B’), in the form
i = k + Jkdo.

For any solution of equation (4) and any solution of (4’) we have
TaeoreM IV'. If n and 4 are any solutions of class O’ of equations (A4) and
(A4") respectively, then
7+ 4+ Jin = «,
where k s some function of the class & , i. e., independent of x.
In terms of the solution %, of the equation (A4’) it is an easy matter* to

obtain
n =k + Jrno + Lag + Jno Iag + IJ 5o a0 + Ino I 5 o,

as the general solution for the non-homogeneous equation

(&) Dy =ay+ Jay.
In a similar way, the general solution of the equation
(%)) Dy = ay — Jya

is expressible in terms of the solution 79 of equation (A4).

12. Some examples. We digress in this paragraph in order to apply the
results of the preceding paragraphs to some special cases.

We consider first of all the case in which the function « is independent of z,
i. e.,  is the same function of the class & for every x of ¥. In the solution
1o of the equation (4) for which 79 (2¢) = 0,

n0 =2 (IJa)" I,

n=0

it will then be possible to carry out the integrations and we obtain

o~ (2 — @0)"
Mo = Z—n,_‘a(”),

n=1

where a™ is defined as follows:
a™® =Ja"Va and a® = a,

i. e., it is the nth iterated kernel of « in the sense of linear integral equations.
On account of the properties of the class & and the operator J, for every
function o there will exist nowhere negative functions u, and u,” and a constant
b such that a™ = pou,' ™! as in § 7 above, or in the theory of integral
equations. It follows then that the series for 7o is convergent for all values
of z, relatively uniformly as to the class & on B’ B’’, so that 5, is of class
on P’ P’ X, where ¥ may be the class — «» < & < «. The same will be

* Cf. Schlesinger, loc. cit., pp. 119, 120.
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true of the function obtained by putting 2o = 0. This function we denote
by 7 (az), i. e,

00

n(ax) = 2,

n=1 n=1
P=P' =P " =[0=p=1]
and M =M’ = IV = the class of all continuous functions on P,
Schlesinger has called the function 7 (ax) the Volterra Transcendental.*

An addition theorem for this function 7 is an immediate consequence of
the form of the general solution of the equation (4). For evidently

" a(") Z (xa)(")

In the case in which

no(x) = nla(z —x)],
and hence
n(ax) =k +nla(z—z0)] +JInla(zx — x)]«.

The function « is determined by letting # = ;. This gives k = 5 (ax,), i. e,
1(az) = q(axo) + nla(x — )]+ Jnla(z — o)1 (axo).
If welet 2 = y + z and 2, = y, then
nla(y +2)] =n(ay) + n(az) + Jn(az)n(ay).
Since 7 (a0) = 0, it follows from this that
n(ay) +1(a(—y)) +JInla(—y)In(ay) =0,

i. e, n(a(— y)) is the reciprocal of 7 (ay), a result which we might expect
if we note that the solution of the adjoint equation D = — o — Jya for
which 9 (0) = 0is

0

— (n) pn (n) (
TO D IR ALAN LA k.2 R Y Y]

n=1 n=1

The function 7 (ax) thus has properties somewhat similar to those of e=.
As a matter of fact, we can represent 7 (ax) symbolically in the form

(eat -1 ) ’
where a™ is to be replaced by o™ . If we note that

(eaxz — 1)(3“’?’ - l) = Jﬂ(alx)n(azy)’
we obtain from

(eant — 1) (eaw — 1) = gMFtar _ T __ azy + 1

—_ (ea13+azy_ 1) _ (ealx_ 1) —_ (eaﬂl__ 1)

* Cf. Schlesinger, loc. cit., p. 113; Volterra, Legons sur les fonctions de lignes, pp. 127,
158, and 159.
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the more general addition theorem

Jn(anz)n(ony) =n(anz+oy) —n(onz) —n(o2y),
provided o and a. are such that
Jaya; = Jag a;,

i. e., a1 and ay are permutable.*

Another type of interesting results may be obtained by specializing the
ranges B’ and P’’, the classes of functions N’ and IM”’, and the operator J.
We note the following intances:

(a) Linear integro-differential equations.t We take B’ = P”’ = PV = the
class of all points on the linear interval 0 = p = 1. Further let N’ = I’
= MYV = the class of all continuous function on P'Y. Then & is the class
of all continuous functions on PP and P is the class of all continuous functions
on PPX.1 The operator J we assume to be the definite integral fi' dp. Then
our differential equation (4) takes the form

D, (pgx) = a(pgr) +j; a(prz)n(rqx)dr.

We conclude at once, then, that there exists a unique solution of this equation,
10 (pqx), for which 7 (zy) = 0. Moreover if we build the ordinary Fred-
holm determinant for this solution it will not be zero on X but will have as
its value

o Jo' alppz)dp

(b) Systems of linear integro-differential equations.§ Let P’ = P = the
composite class P PV = class of all pairs (ip), where 2 =1, ---, n, and
0=p=1. We assume that I =M = ("M )4 = the class of all
sets of n continuous functions on PV. Then & will be the class of all sets of
n? continuous functions of two variables on B PV and $ will be the class of
all sets of n? continuous functions of three variables on BV BV¥X. We take
for the operator J the bipartite operator i} f,'. Then we have for

consideration the following system of linear integro-differential equations
n 1
D (02) = as (o) + 3 [ e (pre) s (rgw) .

As a consequence of our general existence theorem, this equation has a

* Cf. Volterra, loc. cit., pp. 124, 158 and 159.

t Cf. Schlesinger, loc. cit., pp. 84 ff. He considers the case in which the variable z is re-
placed by the complex variable z. The functions » are analytic in z.

t Cf. for instance O. Bolza, loc. cit., p. 291.

§ See also § 12 below.
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unique system of solutions for which #;; (pgze) = 0. The Fredholm deter-
minant of this system of solutions which can be written in the form

=1 3% z fl fl Niy i (T2 21) *+ iy s, (X1 Tm)
RIS [ e e |
Nig iy (Tm X1) =+ * Miyy i (T Tm)

has the value
Sio1 /o Tas(ppr)dp

The general solution of the system will be:

n 1
i (942 = ki (00) + 10 (002) + 2 [ mun (072 g (r0) 0,

where «;; (pg) are a system of continuous functions on PP .

(¢) Infinite systems of differential equations. Let P’ = P = P, the
class of all positive integers, i. e, p=1,---n---. We assume that
M = MM = the class of all functions u’ for which X, |u,|’ is convergent,
f being greater than unity, and "’ = M™s/0-» = the class of all functions u’’

for which
Z | M;’»’ lfl(/—l)
p

is convergent. Then & is the class of all functions « (pq) for which there
exist u, and u; so that

lk(pg) = w' (P (9) ¥

Further $ will be the class of all functions which are continuous in z, for p
and ¢ fixed, and are dominated by a function of the class &, i. e., if 7 (pgx)
belongs to §, it will be continuous in z, and there will exist a k (pqg) such that
|7 (pgz)|=|x(pqg)|, and conversely.t We assume that the operator J on &
is the 225=7 k (pp). That this series actually converges is a result of the
inequality:}

33w ()" @)Y = [ () TTE W (o)1),

Since Z|u’' (p)|/ and Z|u” (p) /U converge and there exist u’(p) and
u” (p) such that |« (pp)|=u (p)u” (p), it follows that Sk (pp) will con-
verge also. Evidently 2= has the properties L and M. We can then

* Cf. for instance Bolza, loc. cit., p. 292.

t Cf. Moore, General Analysis, pp. 110-114, 146, 147. This class may also be defined to
be the class of all functions which belong to & for every z and are continuous in z relatively
uniformly as to the class . See p. 101.

1 Cf. Riesz, Theorie d’équations linéaires d une infinité d’inconnus, p. 45.
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write our differential equation

Dﬂ(l’qx) = a(quC) +;a(Pm)ﬂ(“ﬂ)» p,q= 1’2) My, cc,

and conclude that this infinite system has a unique solution of class §’, for
which 7o (pgze) = 0. The Fredholm determinant of this solution reduces
to the convergent infinite determinant of

8 (pg) + mo(pgz),

where & (pq) is the Kronecker 8, and this determinant has the value
o EZiwa(ppx).
The general solution of the equation of class §’ is
7(pgz) = k(pq) + mo(pgz) + 20 mo (pra)x(rq),
while the general solution of the associated homogeneous equation is
n(pgz) = k(pq) + 22 mo (pra) e (rq),

where « is any function of the class . If in this last case we consider ¢ fixed,
we get a function ¢ (px) which belongs to I’ for every . We can consider
it a solution of the equation

D¢ (pz) = 2 a(prx) ¢ (rz).

r

If on the other hand we construct the adjoint equation
Dy (pgz) = — 2 n(pre) a(rgz)

and fix p in the general solution, we get a function ¥ (gz) which belongs
to M’ for every x, and can be considered a solution of the equation

Dy (px) = — Zr‘,rl/(rx)oz(rpw).

We have here the same phenomenon which we find in the theory of equations
of infinitely many variables, where solutions of adjoint equations belong to
P and M- respectively.

(d) Finally we consider an instance in which the ranges P’ and P’ are
different. Let P’ = P =classt =1, 2, ---, n, and P = PV = inter-
val 0=p=1. Let M =M™ = class of all n-partite numbers, and
M’ = MY = class of all continuous functions on P'V. Then & will be the
class of all sets of n continuous functions on B, while  will be the class of
all sets of n continuous functions on PX. Finally let the operator J on a
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function k (2, p), or x; (p) be

éj; wi(p)«i(p)dp,

where w; (p) belongs to £.
Then our differential equation becomes

Dn;i(px) = ai(px) +]Z:31 | @i (gx)w; (q)n; (px)dg.

We observe that every solution of this equation will also be a solution of the
linear integro-differential equation

Dy (pge) = a(pg) +f0‘a(pm),,(rqx)dr,
where X
n(pgz) = L wi(p)ni(ge)
and )
a(pge) = gw;(p)ai(qx),

and also of the linear system of equations

Dn (i) = a(ijz) + 2 a (the)n (kjz),
where X
7Gij) = [ mi(pe) s (p)dp
0
and

a(ije) = [ a(pe)oy(p)dp.

The converse is not true, excepting when w satisfies certain conditions.

Applying our general existence theorem, we conclude that there will exist
for our equation a unique solution 7;(pz) for which 7;(pxe) = 0. When
we build the expression corresponding to the Fredholm determinant of this
solution with the operator defined above, we find that it may be regarded as
the Fredholm determinant of 5 (pgz) = 2i=7 w: (p) 7: (gx), or as the ordinary
determinant of & (2j) + 5 (7j) where

1
7(if) = [ ne(o2)es(p)do.
Its value will be
J S _ 13 st _ 1, St eseniato)ip

13. On systems of linear differential equations. The results of §§ 6-10
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can be easily extended to the case of a system of equations. As a matter of
fact a simple transformation reduces the consideration of a system to that
of a single equation.

Suppose then that in place of the class P’ we have n classes P; (¢ =1, ---,
n), and instead of the class P’ we have n classes B, (¢ = 1, ---, n) which
are not necessarily all distinct. Suppose further that in place of I’ on P’
to A we have n classes I on P, to A, and in place of M’ on P'’ to A we have
n classes M, on P to A, concerning each of which it will be assumed that
they have the properties LCDDy. From these classes we construct the n?
classes R4 = (M M ) on P; B; to A, and the n? classes Hi; = (M; M, € )«
on PB;P; X to A. We replace finally the operator J on ® to ¥ by the n
operators J; on 8; to %, each of which will be supposed to have the properties
L and M. We consider then in place of the equation (4) the system of
equations

(45) Dyi; = au; + Z;l Jk ot My

and the homogeneous system associated with it
(Bn) Dyy; = kZ_:IJ k Qi ks «

In treating the corresponding extension in the general theory of linear
integral equations, Moore* has suggested a process, viz., that of adjunctional
composition which reduces the system of equations to a single equation.
This same process is applicable here. We assume that the classes PB; have
no elements in common, a situation which can always be attained by a suit-
able transformation. We make the same assumption in the case of the classes
P, . Then we define the class P’ to be the class of all elements belonging to
any of the P;,i. e, P’ = 2=t B:, and P” to be the class of all elements
belonging to any of the B, 1. e. B’ = 272t B, . The class B’ B’ will be
the totality of elements in PB; B; . The class & will consist of all functions
for which we have /

k(pip;) = & (i py)

and the class § will consist of all functions for which we have

1(pip; &) = i (pip; @).
Further we define J operating on a function « to be

J E = Z J i Tm .
i=1

Then the classes & and O and the operator J will have the properties enum-
e Ci. E. H. Moore, Integral Equations, loc. cit., pp. 355-357.



94 T. H. HILDEBRANDT : [January

erated in §§ 3-5, and our system of differential equations reduces to the
single equation
Dyp=oa+Jom,
while the system (B,) becomes
Dy = Jay.

By applying the theorems of §§ 6-10, and replacing «, 7, and J by the ex-
pressions from which they were derived, we get results of the following type:

THEOREM 1. The system of equations (A.) has a unique set of solutions n;;
which satisfy the initial conditions n;; (x) = 0.

TaeorEM II. The Fredholm determinant of this set of solutions is mot zero
on X. It has the value

oI SiTT Jueis
The Fredholm determinant of a set of functions 5;; would take the form
) (1) (1) rr(m)
o 1 R Niyiy (Piy Py )+ Miyin (Diy Din )
1+Z_, ZJi,“'Ji,,. e e e e e

n
m=1M: =1 im=1 r(m) rr(1) sm)  ss(m)

Minis (Pin Dir ) =" Minin (i Py )
TraeorEM III. The general solution of the system (A,) is
Nij = Kij + Moij + ’;J k Noik Kkj
where «;; is any function of &;; and 7,;; is the solution for which

N0ij (20) = 0.
The general solution of the associated system (B,) is

n
M5 = Kij + Z Ik Moik Kkj .
k=1

The adjoint equations of (4,) and (B,) are

(4.) Duij = — a; — 2 Jimar oy
k=1
and
(Bn) D = — 20 Tk nak oy«
k=1

If we denote by 7oi; the set of solutions of equations (4,) for which
floij (z0) = 0,
then follows
TuarorEM IV. The functions no; and 7oi; satisfy the reciprocal relations

n
Noi; + ficis + 2 Tk foix Mok = 0.
k=1
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If we denote by M,;; (1) the functions of ,; obtained by substituting a
set of functions 7;; in the expression

D"]ij - ZJk ik Nkj = Mzii(ﬂ):

k=1
and similarly let

Dy + 2 Ji ik ey = Naij (7)),
k=1
then we get the Green’s Formula:

Ing(ﬁik Mo (n) 4 Noiw (3)mij ) = (;le ok m.,j)

r=x

x=x)

14. Mixed integro-differential equations. An interesting application of
the results of the previous paragraph is to the case of mixed differential equa-
tions.* Suppose that instead of the single operator J on x we have n operators
Ji:on k. Then we might consider the equation

(Bl) D77=Z:1Ji01i"7~

If we assume that 7;; = 7 and a;; = «; for every 7, then this equation repeated
n times could be considered as a system (B,)

Dys; = kZJk Ok Mkj 5
~
and as a consequence the associated system would take the form
() Dni; = o + ’; Ik in M5 -

The existence theorem applied to this equation reads:

TureorEM 1. There exists a unique set of solutions of equations (A1) which
are such that mo;; (o) = 0. On account of the fact that the system (A:) really
contains only n distinct equations there will be at most n distinet solutions n; .

THEOREM II. The Fredholm determinant of the no; which has the form:

0 1 & " 15, (P 1) - 14 (P Pn)
1+Z——'ZJ'.1...ZJ1.M. e e
m=1 M2 =1 im=1

[n0, (P PV) =+ Mi (P D)

. . IS oo
is not zero. Its valueise 21 s t.

Tueorem III.  The general solution of equation (B,) s

7=+ 2 Jinix.
=1

* Cf. E. H. Moore, Integral Equations, loc. cit., p. 358.
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The adjoint of the system (4) would be:
Dni; = — aij — k};le Nik Okj »

Since however a;; = a; for every 7, we could drop the first subscripts and
get the system of n equations

(4p) Dy; = _ai_];']kﬂkai-

It follows that the adjoint of the single equation (B,) is the system*

(B1) Dy; = —EJI: N Q.

THEOREM IV. Between the solutions no; of the equation (A1) and 7o; of the
equations (A1) for which no; (20) = 0 and Fo; (20) = 0, we have the n relations

Noi + foi + 2 Jk Aok m0i = 0 (1=1,2,:-+,n).
k=1
If we let
M(n) =Dy — Z_}J;am
and

N:(%) = Da; + Z;Jj i o
iz
we have the Green’s Formula:

1357 (4 M(n) + Ni(8)n) = (‘Z;Ji ﬁm)
= = x=xgy

We obtain further interesting results if we apply the theorems of this
paragraph to the mixed linear integro-differential equation

Dy (p02) = X as(pe)n (pige) + [ a(wre)n(rae)dr,

in which we suppose that the ranges ' = P’ = PV = [0 = p = 1], ai (p2)
belong to the class of all continuous functions on PX, and « (pgx ) to the class
of continuous functions on PPX, while p, are a set of special values of the
range P.
ANN ARrBOR, MicsH.,
April, 1916

*Cf. W. A. Hurwitz, Mized linear integral equations of the first order, these Transac-
tions, vol. 16 (1915), p. 121, where a similar situation occurs. The above seems to show
why the adjoint of a single mixed equation is a system.




